We study the constraints imposed by conformal symmetry on the equations of fluid dynamics at second order in gradients of the hydrodynamic variables. At zeroth order conformal symmetry implies a constraint on the equation of state, E 0 = 2 3 P , where E 0 is the energy density and P is the pressure. At first order, conformal symmetry implies that the bulk viscosity must vanish. We show that at second order conformal invariance requires that two-derivative terms in the stress tensor must be traceless, and that it determines the relaxation of dissipative stresses to the Navier-Stokes form. We verify these results by solving the Boltzmann equation at second order in the gradient expansion. We find that only a subset of the terms allowed by conformal symmetry appear.
I. INTRODUCTION
There has been great interest recently in the dynamics of conformally invariant fluids.
One motivation is the observation that the AdS/CFT correspondence [1] , which relates the dynamics of a four-dimensional conformal field theory to quantum gravity in ten dimensions, also implies a fluid-gravity correspondence [2] [3] [4] . The fluid-gravity correspondence relates solutions of the Navier-Stokes equation for conformally invariant fluids in four dimensions to dynamical black hole solutions of the Einstein equations in higher dimensions. The fluidgravity correspondence has been used to establish the form of second order terms in the equations of relativistic fluid dynamics [3, 5] . The correspondence has also been extended to certain non-conformal fluids [6] , superfluids [7, 8] , and to the incompressible non-relativistic Navier-Stokes equation [9] .
Another motivation comes from the experimental discovery of nearly perfect fluidity in certain conformal or almost conformal fluids [10] . The first example is the observation of nearly ideal flow of the quark gluon plasma produced in heavy ion collisions at the relativistic heavy ion collider (RHIC) [11] . This discovery was soon followed by the discovery of nearly ideal fluid dynamics in a very different system, the dilute Fermi gas at unitarity [12] . Both the quark gluon plasma and the dilute Fermi gas are characterized by a very small shear viscosity to entropy density ratio, η/s ∼ < 0.4 /k B [13] [14] [15] [16] [17] [18] [19] . This result is close to the value η/s = /(4πk B ) obtained in the strong coupling limit of a super-conformal Yang Mills plasma [20, 21] .
In the present work we will focus on the dilute Fermi gas and study the hydrodynamics of a scale invariant non-relativistic fluid. At unitarity the two-body scattering length of the fermions is infinite and the range of the interaction is zero. This implies that the system is exactly scale invariant [22] [23] [24] . Hydrodynamics is an effective theory that governs the behavior of the system at long distances. The equations of motion are organized as an expansion in the number of derivatives acting on the hydrodynamic variables. In the case of a one-component non-relativistic fluid the hydrodynamic variables are the temperature T , the density n, and the fluid velocity V . At zeroth order in the gradient expansion conformal symmetry implies a constraint on the equation of state, E 0 = 2 3 P , where E 0 (n, T ) is the energy density and P (n, T ) is the pressure. At first order, conformal symmetry implies that the contribution of the divergence of the velocity field to the pressure, δP = ζ(∇ · V ), must vanish [25] [26] [27] . This means that the bulk viscosity ζ of a scale invariant fluid is zero. In this work we will study constraints from conformality at second order in the gradient expansion.
Second order hydrodynamics has a long history [28] [29] [30] but the theory is rarely used in
practice. An important exception is the relativistic case, where the second order theory has the advantage of being manifestly causal [31] . There is a similar reason for using second order hydrodynamics in certain non-relativistic flows. The expansion of a scale invariant fluid after the release from a harmonic trap leads to a Hubble-like flow in which the expansion velocity is linear in the coordinates [18] . This implies that ideal stresses propagate outward with a finite velocity, but at first order in gradients dissipative stresses build up instantaneously everywhere in space. This unphysical behavior can be avoided by taking into account a finite relaxation time for the dissipative stresses. We will show that relaxation time effects appear naturally at second order in the gradient expansion.
There are additional reasons for studying higher order terms in the equations of fluid dynamics. Higher order terms provide information about the convergence of the gradient expansion, and they lead to new Kubo relations. In the relativistic case it is known that some of these Kubo formulas relate transport properties to thermodynamic quantities [32] .
Finally, understanding the structure of the gradient expansion may help in constructing holographic duals of non-relativistic conformal field theories [33] [34] [35] . The paper is structured as follows. In Sect. II we review a local extension of Galilean and conformal invariance and study constraints on the structure of gradient terms in fluid dynamics. In Sect. III we consider a specific kinetic equation and solve for the stress tensor and the entropy current at second order in gradients. We show that the result agrees with the general constraints, but that the kinetic theory only generates a subset of the allowed terms. We conclude with a discussion of open questions.
II. CONFORMAL HYDRODYNAMICS
A. Navier-Stokes equation
The constraints imposed by Galilean invariance and conformal symmetry on the structure of the Navier-Stokes equation were studied by Son [25] based on earlier work by Son and Wingate [22] . The basic strategy is to generalize Galilean and scale invariance to local symmetries. For this purpose we consider the fluid moving in a curved background characterized by the metric g ij (x, t). We also include background U(1) gauge fields A 0 (x, t) and A i (x, t). The Navier-Stokes equations in curved space are
where g = det(g ij ) and ∇ i is the covariant derivative associated with the metric g ij . The hydrodynamic variables are the mass density ρ, the entropy density s, and the fluid velocity
is the ideal fluid part, and δΠ ij is the viscous correction. The entropy current is  i s = sV i +δ i s , and R is the dissipative function. We will specify the viscous terms δΠ ij , δ i s and R below. The Lorentz force Q i is defined as
B. Diffeomorphism invariance
The equations of fluid dynamics are invariant under a combination of local
This symmetry generalizes Galilean invariance. A Galilei transformation with boost velocity U i corresponds to a flat background metric g ij = δ ij and ξ i = U i t as well as α = mU i x i . The hydrodynamic variables are invariant under gauge transformations. They transform under diffeomorphisms as
We note that ρ and s transform as scalars, but V i does not transform as a vector. We have
where L ξ is the Lie derivative andξ i is an "extra" term. The gauge fields and the metric transform as
Using the transformation laws for the gauge fields we can deduce the transformation properties of the field strengths and the Lorentz force. We find
Using these ingredients we can verify that the hydrodynamic equations (1-3) are invariant.
We note that under diffeomorphisms the ideal parts of the momentum and entropy currents At first order in gradients dissipative terms involve the heat current and the shear and bulk stresses [36] . The heat current
where ∇ i is the covariant derivative, transforms as a vector under diffeomorphisms. The shear and bulk stresses can be promoted to second rank tensors by adding extra terms involvingġ ij [25] . We will show below that these terms automatically appear in kinetic theory. We have
where σ ij is the shear stress tensor and g ij σ is the bulk stress tensor.
C. Conformal invariance
Conformal transformations are infinitesimal rescalings of the time variable, t → t+β(t). A non-relativistic scale transformation corresponds to β = bt combined with a diffeomorphism generated by ξ k = 1 2 bx k . Special conformal transformations are generated by β = −ct 2 ,
Examples of operators with well-defined conformal dimension are
We also have
well-defined conformal dimension. The conformal dimensions of the hydrodynamic variables
We can now check under what conditions the equations of hydrodynamics are conformally invariant. Two key relations are
and
where δ ∆=d O denotes the transformation of a conformal operator O of dimension d. Using equ. (20) and (21) we can show that the equations of fluid dynamics are conformally invariant
These relations are satisfied in the case of ideal fluid dynamics (in ideal hydrodynamics
. This implies that
, but δΠ ij = −ζg ij σ violates conformal invariance unless ζ = 0. We note that the conformal dimension of η and κ agree with their naive scaling dimension.
D. Second order terms: Building blocks
In order to construct the most general second order terms we begin by listing conformally invariant building blocks, that is diffeomorphism invariant scalars, vectors, and tensors with well-defined conformal dimensions. These objects are constructed from the hydrodynamic variables T, P and V i , the metric g ij and the gauge fields A 0 , A i , and time or spatial derivatives. Instead of T and P it is sometimes useful to consider T and the dimensionless variable α = µ/T , where µ is the chemical potential, as independent quantities. We begin with one-derivative scalars. Diffeomorphism invariant one-derivative scalars constructed from the hydrodynamic variables are DT , DP and σ , where
Because there are two scalar equations of motion only one of these objects is linearly independent. Neither one of the one-derivative scalars has a well-defined conformal dimension but we can construct conformal scalars by taking linear combinations.
The quantity
is a conformal scalar with dimension [S] = 2. We will show, however, that at leading order in the derivative expansion S vanishes by the equations of motion. We can construct three conformal vectors
, and [V
There is one vector equation of motion and, up to higher order terms in the derivative expansion, V 3 can be expressed in terms of V 2 .
There are two one-derivative tensors. The first is the shear tensor defined in equ. (15) . The second is related to the vorticity of the fluid. We have
E. Second order terms: Stress tensor
In this section we list conformal two-derivative tensors that can contribute to the stress tensor in a conformal theory. Rotational invariance implies that the stress tensor has to be symmetric. We will argue below that in a conformal theory the dissipative part of the stress tensor also has to be traceless. One class of two-derivative tensors arises from contracting two one-derivative tensors. We find
with
There is a unique diffeomorphism invariant tensor of conformal dimension +1 that can be constructed from the comoving derivative of σ ij . This tensor is given by
where
There is a set of conformal tensors that can be obtained as the tensor product of two one-derivative tensors, or as two covariant derivatives acting on a scalar. We find
, 1, 5 2 }. Finally, in curved space there is a two-derivative tensor constructed only from the metric. This is the traceless part of the Ricci tensor,
We can compare this list with the analogous result in the relativistic case [5] . . This difference is similar to the difference between the relativistic and non-relativistic conformal equation of state, ij using the equations of motion. We can also compare our result to the structure of the Burnett equations [30] . The Burnett equations contain six independent two-derivative terms in Π ij . The reason that the number of independent terms is smaller despite the fact that there are no restrictions from conformal symmetry is that the Burnett equations are derived from kinetic theory, which only leads to a subset of the terms allowed by the symmetries.
We end this section by showing that there are no trace terms in δΠ ij , despite the fact that second order terms like g ij σ kl σ kl are conformal tensors. In Sec. III A we will show that in a non-trivial background the equation of energy conservation is given be
which shows that the equation of state has to be conformal, and the dissipative part of the stress tensor must be traceless.
F. Second order terms: Entropy current
In this section we will use the results of Sec. II D to construct two-derivative conformal vectors that can contribute to the entropy current. There is one vectors that can be written as the comoving derivative of a one-derivative vector 
with [Q 2−5 i ] = 1. Finally, there are two vectors that can be constructed from the covariant derivative ∇ i acting on one-derivative tensors,
with [Q
6,7
i ] = 1. Again, the number of terms is bigger than the number of independent parameters in the entropy current in the Burnett equation, which is five.
III. KINETIC THEORY A. Conservation laws
In this section we will investigate the structure of higher order terms starting from the Boltzmann equation. Our motivation is three-fold: i) We will verify that the results indeed satisfy the constraints derived in the previous section; ii) we will show that kinetic theory (within the relaxation time approximation) only leads to a subset of the allowed terms; iii)
we will demonstrate that this subset manifestly satisfies the second law of thermodynamics.
The kinetic equation in a curved background g ij (x, t) can be found by starting from the Boltzmann equation in a four-dimensional curved space [37] [38] [39] 
where f (t, x, p) is the distribution function, C[f ] is the collision term, Γ α µν is the Christoffel symbol associated with the four-dimensional covariant derivative ∇ µ , i, j, k are threedimensional indices and µ, α, β are four-dimensional indices. In the non-relativistic limit
where p 0 ≃ m, E i is the electric field and F lk is the magnetic field introduced in Sect. II A.
In the following we will drop the Lorentz force (these terms can always be restored using the symmetries described in Sect. II B). We get
where we have defined the Boltzmann operator
Consider a collision term that describes elastic two-body collisions p 1 + p 2 → p 3 + p 4 . The symmetries of the collision term imply that
where dΓ = d 3 p and χ i ≡ χ(p i ). This implies that moments of the collision term with regard to the collision invariants χ = m, p i , g ij p i p j /(2m) must vanish. We will denote averages over the momentum distribution as
We define the conserved charges and currents as
The three collision invariants lead to three conservation laws. The first conservation law is obtained by taking a moment of the Boltzmann with χ = m. We get
The momentum equation follows from taking a moment with χ = g ij p j ,
and the energy follows from integrating over χ = g ij p i p j /(2m),
This is the result we have used in equ. (32) above. In order to determine the form of the currents in terms of the hydrodynamic variables we need to know the functional form of the distribution function near equilibrium. We will see shortly that f (x, p, t) = f (0) (g ij c i c j ) with
E 0 . We can now use the thermodynamic relation
dρ to determine the entropy equation. We get
This result can also be derived directly from the Boltzmann equation. Computing the moment of the Boltzmann equation with regard to log(f ) (for classical particles, log(f /(1 ± f )) for Bose/Fermi statistics) we obtain equ. (3) with the entropy density given
and the dissipative function 
where f (0) is the Maxwell, Bose-Einstein, or Fermi-Dirac distribution and α = µ/T .
B. First order solution
In this section and the next we will obtain a solution of the Boltzmann equation to second order in the gradients of the hydrodynamic variables. We write the distribution function as
where f (i) contains terms with i gradients. Since we are interested in the structure of the terms that appear in δf , and not in computing the values of transport coefficients for a specific theory, we will consider a very simple choice for the collision term, the relaxation time approximation
Conformal invariance implies that λ must have conformal dimension 1. This is physically reasonable, since λ has units of time. The collision term conserves mass, momentum, and energy. These conservation laws constrain the form of δf . We have
where we have defined dχ c =
The constraints imply that the correction to the stress tensor due to δf is given by
where c 2 ≡ g ij c i c j and from now on we will use units m ≡ 1. In order to compute f
(1)
we will follow the procedure of Chapman and Enskog [40, 41] and compute the LHS of the Boltzmann equation using the zero'th order solution equ. (52). We find
, and p i = c i + V i we obtain
where, in order to make the constraints equ. (55) 
Using the thermodynamic identities derived in App. A we find a 1 (t, x) = 5P (t, x)/n(t, x).
For a Maxwell gas the equation of state is P = nT and a 1 = 5T . The terms proportional to the collision invariants 1, c i and c 2 involve time derivatives of the hydrodynamic variables α, T and V i . They are easily seen to vanish by the Euler equations
We can now solve the first order Boltzmann equation
equ. (54) we find
where σ ij is the shear tensor defined in equ. (15) . Using the result for f (1) we can compute the dissipative corrections to Π ij and  
Using the results in App. A we can show that η = λP and κ = λ 12T (7Q − 75P 2 /n), where
In the case of a Maxwell gas the result for the shear viscosity reduces to the familiar form η = λnT . In this limit we also find κ = 5 2 λnT , which corresponds to a Prandtl ratio Pr = c p η/κ = 1. Note that this result is a consequence of the simple form of the collision term in equ. (54). In a more complete treatment the high temperature limit of the Prandtl ratio is Pr = 2 3 [42] . Finally, the dissipative function R is given by
which is manifestly positive for λ ≥ 0.
C. Second order solution
At second order in the derivative expansion the Boltzmann equation reduces to
We note that (Df (0) + 1 λ f (1) ) vanishes at first order. At second order we have to include gradient terms in the equation of motion and this term is not zero. The Boltzmann operator acting on f (1) gives
where we have defined β = (1 + 2af (0) )/(2T ). We will decompose this expression as
where (Df ) orth are terms that are orthogonal to the zero modes of the collision operator, (Df ) scal is orthogonal to the zero modes but does not contribute to the conserved currents Π ij and  i ǫ , and (Df ) zm contains terms that are proportional to the zero modes. This means that (Df ) zm must cancel against (
). Before we check this we collect the terms in (Df ) orth . We get
The terms in the square brackets are automatically orthogonal to the zero modes. As in the previous section this is achieved by adding and subtracting terms. Subtraction terms that are proportional to the zero modes are collected in (Df ) zm . The remaining terms are collected in (Df ) scal . We have
The 
where we have used the Euler equations to eliminate time derivatives of the hydrodynamic variables. This is consistent at this order in the derivative expansion. The parameter θ is defined in App. A (for a Maxwell gas θ = n/T ). We now use the Navier-Stokes equations
to confirm that (Df ) zm + (Df (0) + 1 λ f (1) ) = 0. Solving equ. (67) for f (2) we get
where ( σ .
D. Stress tensor and entropy current at second order
Using the result for f (2) obtained in the previous section we can compute the dissipative correction to the stress tensor at second order in the gradient expansion. As discussed above only (Df ) orth contributes to the conserved currents. We will write f (2) orth = −λ(Df ) orth . We can simplify f (2) orth by combining some terms, and by using the Euler equation. We find
The stress tensor can be determined using equ. (56). The result is
This result is in agreement with the general form of δΠ ij derived in Sect. II E. We note that some of the terms allowed by symmetry vanish in the kinetic theory calculation. This includes the Ω i k Ω jk structure and the ∇ i P ∇ j P and ∇ i ∇ j P terms. The kinetic theory also does not give a pure curvature term proportional to R ij . We also note that the coefficient of the g jkσi k term can be written as τ R η, where τ R is the relaxation time for the dissipative stresses. Our result shows that τ R = λ = η/P . This result is in agreement with the calculation of spectral function of the stress tensor in [43] , and with previous work on relaxation effects in dilute Bose and Fermi gases [44, 45] .
Finally, we compute dissipative corrections to the entropy current and the dissipative function. We will use the expression for  i s and R that are obtained by taking moments of the Boltzmann equation with log(f /(1 + af )), see Sect. III A. As a consequence of the H-theorem these equations automatically satisfy the second law of thermodynamics. This is no longer the case if the result is expanded in derivatives of the thermodynamic variables.
The distribution function at second order in the gradient expansion determines R to third order in gradients, and this expression is not manifestly positive. It is possible, however, to add certain fourth order terms and obtain a manifestly positive result. This is the strategy we have adopted. We find
In equ. (80) we have suppressed tensor indices. Contractions are defined as σσ = σ ik σ k j , σΩ = σ ik Ω k j etc., and (σ) 2 = σ ij σ ij . We note that the dissipative function is manifestly positive provided the first order relations η ≥ 0 and κ ≥ 0 are satisfied, and that the entropy current is of the form discussed in Sect. II F.
IV. OUTLOOK AND CONCLUSIONS
In this work we have studied the constraints imposed by conformal invariance on the form of the hydrodynamic equations at second order in the gradient expansion. We find that the most general form of the stress tensor is given by
where we have suppressed terms involving the gauge fields. Conformal symmetry constrains the form of the comoving derivative of σ ij and eliminates possible trace terms like g ij σ kl σ kl .
For phenomenological applications it is useful to rewrite the second order equations as a relaxation equation for the viscous stress π ij ≡ δΠ ij . For this purpose we use the first order relation π ij = −ησ ij and rewrite equ. (81) as
where . . . refers to the terms proportional to λ 2,3 , γ i and κ R . In deriving equ. (82) we have also used η(n, T ) = nf (α), where f is a function of α, and the Euler equations for n and α. Equ. (82) has the same structure as the second order equations considered by Israel and Stewart [29] , but the coefficient 5 3 is specific to the non-relativistic conformal case.
We have checked the conformal constraints by computing the dissipative contribution to the stress tensor, the entropy current, and the dissipative function in kinetic theory. We find that δΠ ij is indeed of the form given in equ. (81), but that some terms allowed by the symmetries do not appear in kinetic theory. The relaxation time for the dissipative stresses is given by τ R = η/P . The entropy current and the dissipative function also satisfy the conformal constraints. As in the case of the stress tensor, not all possible terms appear.
The relaxation time for the entropy current is equal to the viscous relaxation time.
There are a number of issues that we have not addressed in this paper. We have studied the constraints that arise from conformal symmetry and Galilean invariance, but we have not investigated the conditions that arise from the second law of thermodynamics. These conditions should have the form of inequalities for the transport coefficients, analogous to the first order relations η ≥ 0 and κ ≥ 0. In the kinetic theory calculation the second law is satisfied automatically, but in the simple model considered here the transport coefficients are all governed by a single relaxation time λ. We have also not attempted to derive Kubo relations for the coefficients τ R , λ i , and γ i . The analogous Kubo formulas in the relativistic case were obtained in [32] . Finally, it would be interesting to compute the spectral functions for the stress tensor and the energy current at second order in the derivative expansion.
These results would be useful in connection with attempts to compute transport coefficients using Quantum Monte Carlo methods [46] .
